Mathematics

Number and Number Sense Strand

K-2 Focus

Students in kindergarten through grade two have a natural curiosity about their world, which leads them
to develop a sense of number. Young children are motivated to count everything around them and begin
to develop an understanding of the size of numbers (magnitude), multiple ways of thinking about and
representing numbers, strategies and words to compare numbers, and an understanding of the effects of
simple operations on numbers. Building on their own intuitive mathematical knowledge, they also
display a natural need to organize things by sorting, comparing, ordering, and labeling objects in a
variety of collections.

Consequently, the focus of instruction in the number and number sense strand is to promote an
understanding of counting, classification, whole numbers, place value, fractions, number relationships
(“more than,” “less than,” and “equal to”), and the effects of single-step and multistep computations.
These learning experiences should allow students to engage actively in a variety of problem solving
situations and to model numbers (compose and decompose), using a variety of manipulatives.
Additionally, students at this level should have opportunities to observe, to develop an understanding of
the relationship they see between numbers, and to develop the skills to communicate these
relationships in precise, unambiguous terms.

3-5 Focus

Mathematics instruction in grades three through five should continue to foster the development of
number sense, with greater emphasis on decimals and fractions. Students with good number sense
understand the meaning of numbers, develop multiple relationships and representations among
numbers, and recognize the relative magnitude of numbers. They should learn the relative effect of
operating on whole numbers, fractions, and decimals and learn how to use mathematical symbols and
language to represent problem situations. Number and operation sense continues to be the cornerstone
of the curriculum.

The focus of instruction in grades three through five allows students to investigate and develop an
understanding of number sense by modeling numbers, using different representations (e.g., physical
materials, diagrams, mathematical symbols, and word names), and making connections among
mathematics concepts as well as to other content areas. Students should develop strategies for reading,
writing, and judging the size of whole numbers, fractions, and decimals by comparing them, using a
variety of models and benchmarks as referents (e.g., or 0.5). Students should apply their knowledge of
number and number sense to investigate and solve a variety of problem types.



Computation and Estimation Strand
K-2 Focus

A variety of contexts and problem types are necessary for children to develop an understanding of the
meanings of the operations such as addition and subtraction. These contexts often arise from real-life
experiences in which they are simply joining sets, taking away or separating from a set, or comparing
sets. These contexts might include conversations, such as “How many books do we have altogether?” or
“How many cookies are left if | eat two?” or “I have three more candies than you do.” Although young
children first compute using objects and manipulatives, they gradually shift to performing computations
mentally or using paper and pencil to record their thinking. Therefore, computation and estimation
instruction in the early grades revolves around modeling, discussing, and recording a variety of problem
situations. This approach helps students transition from the concrete to the representation to the
symbolic in order to develop meaning for the operations and how they relate to each other.

In kindergarten through grade two, computation and estimation instruction focuses on

. relating the mathematical language and symbolism of operations to problem situations;

. understanding different meanings of addition and subtraction of whole numbers and the
relation between the two operations;

. developing proficiency with basic addition and subtraction within 20;

. gaining facility in manipulating whole numbers to add and subtract and in understanding the
effects of the operations on whole numbers;

. developing and using strategies and algorithms to solve problems and choosing an appropriate
method for the situation;

. choosing, from mental computation, estimation, paper and pencil, and calculators, an
appropriate way to compute;

. recognizing whether numerical solutions are reasonable; and

o experiencing situations that lead to multiplication and division, such as skip counting and solving

problems that involve equal groupings of objects as well as problems that involve sharing
equally, and initial work with fractions.

3-5 Focus

Computation and estimation in grades three through five should focus on developing fluency in
multiplication and division with whole numbers and should begin to extend students’ understanding of
these operations to work with decimals. Instruction should focus on computation activities that enable
students to model, explain, and develop proficiency with basic facts and algorithms. These proficiencies
are often developed as a result of investigations and opportunities to develop algorithms. Additionally,
opportunities to develop and use visual models, benchmarks, and equivalents, to add and subtract
fractions, and to develop computational procedures for the addition and subtraction of decimals are a
priority for instruction in these grades. Multiplication and division with decimals will be explored in
grade five.



Students should develop an understanding of how whole numbers, fractions, and decimals are written
and modeled; an understanding of the meaning of multiplication and division, including multiple
representations (e.g., multiplication as repeated addition or as an array); an ability to identify and use
relationships among operations to solve problems (e.g., multiplication as the inverse of division); and the
ability to use properties of operations to solve problems (e.g., 7 * 28 is equivalent to (7 “ 20) + (7 * 8)).

Students should develop computational estimation strategies based on an understanding of number
concepts, properties, and relationships. Practice should include estimation of sums and differences of
common fractions and decimals, using benchmarks (e.g., + must be less than 1 because both fractions
are less than ). Using estimation, students should develop strategies to recognize the reasonableness of
their solutions.

Additionally, students should enhance their ability to select an appropriate problem-solving method
from among estimation, mental mathematics, paper-and-pencil algorithms, and the use of calculators
and computers. With activities that challenge students to use this knowledge and these skills to solve
problems in many contexts, students develop the foundation to ensure success and achievement in
higher mathematics.

Measurement and Geometry Strand

K-2 Focus

The exploration of measurement and geometry in the primary grades allows students to learn more
about the world around them. Measurement is important because it helps to quantify the world around
us and is useful in so many aspects of everyday life. Students in kindergarten through grade two
encounter measurement in their daily lives, from their use of the calendar and science activities that
often require students to measure objects or compare them directly, to situations in stories they are
reading and to descriptions of how quickly they are growing.

Measurement instruction at the primary level focuses on developing the skills and tools needed to
measure length, weight, capacity, time, temperature, and money. Measurement at this level lends itself
especially well to the use of concrete materials. Children can see the usefulness of measurement if
classroom experiences focus on estimating and measuring real objects. They gain a deep understanding
of the concepts of measurement when handling the materials, making physical comparisons, and
measuring with tools.

As students develop a sense of the attributes of measurement and the concept of a measurement unit,
they also begin to recognize the differences between using nonstandard and standard units of measure.
Learning should give them opportunities to apply several techniques, direct comparison, nonstandard
units, and standard tools to determine measurements and to develop an understanding of the use of
U.S. Customary units.

Teaching measurement offers the challenge to involve students actively and physically in learning and is
an opportunity to tie together other aspects of the mathematical curriculum, such as fractions and



geometry. It is also one of the major vehicles by which mathematics can make connections with other
content areas, such as science, health, and physical education.

Children begin to develop geometric and spatial knowledge before beginning school, stimulated by the
exploration of figures and structures in their environment. Geometric ideas help children systematically
represent and describe their world as they learn to represent plane and solid figures through drawing,
block constructions, dramatization, and verbal language.

The focus of instruction at this level is on:

observing, identifying, describing, comparing, contrasting, and investigating solid
objects and their faces;

sorting objects and ordering them directly by comparing them one to the other;
describing, comparing, contrasting, sorting, and classifying figures; and
exploring symmetry.

In the primary grades, children begin to develop basic vocabulary related to figures but do not develop
precise meanings for many of the terms they use until they are thinking beyond Level 2 of the van Hiele
theory (see below).

3-5 Focus

Students in grades three through five should be actively involved in measurement activities that require
a dynamic interaction between students and their environment. Students can see the usefulness of
measurement if classroom experiences focus on measuring objects and estimating measurements.
Textbook experiences cannot substitute for activities that utilize measurement to answer questions
about real problems.

The approximate nature of measurement deserves repeated attention at this level. It is important to
begin to establish some benchmarks by which to estimate or judge the size of objects.

Students use standard and nonstandard, age-appropriate tools to measure objects. Students also use
age-appropriate language of mathematics to verbalize the measurements of length, weight/mass, liquid
volume, area, perimeter, temperature, and time.

The focus of instruction should be an active exploration of the real world in order to apply concepts from
the two systems of measurement (metric and U.S. Customary), to measure length, weight/mass, liquid
volume/capacity, area, perimeter, temperature, and time. Students’ understanding of measurement
continues to be enhanced through experiences using appropriate tools such as rulers, balances, clocks,
and thermometers.



The study of geometry helps students represent and make sense of the world. In grades three through
five, reasoning skills typically grow rapidly, and these skills enable students to investigate geometric
problems of increasing complexity and to study how geometric terms relate to geometric properties.
Students develop knowledge about how geometric figures relate to each other and begin to use
mathematical reasoning to analyze and justify properties and relationships among figures.

Students discover these relationships by constructing, drawing, measuring, comparing, and classifying
geometric figures. Investigations should include explorations with everyday objects and other physical
materials. Exercises that ask students to visualize, draw, and compare figures will help them not only to
develop an understanding of the relationships, but to develop their spatial sense as well. In the process,
definitions become meaningful, relationships among figures are understood, and students are prepared
to use these ideas to develop informal arguments.

Students investigate, identify, draw representations of, and describe the relationships among points,
lines, line segments, rays, and angles. Students apply generalizations about lines, angles, and triangles to
develop understanding about congruence; parallel, intersecting, and perpendicular lines; and
classification of triangles.

The van Hiele theory of geometric understanding describes how students learn geometry and provides a
framework for structuring student experiences that should lead to conceptual growth and
understanding.

Level 0: Pre-recognition. Geometric figures are not recognized. For
example, students cannot differentiate between three-sided and four-sided

polygons.

Level 1: Visualization. Geometric figures are recognized as entities, without
any awareness of the parts of figures or relationships between components of a
figure. Students should recognize and name figures and distinguish a given
figure from others that look somewhat the same. (This is the expected level of
student performance during kindergarten and grade one.)

Level 2: Analysis. Properties are perceived but are isolated and unrelated.
Students should recognize and name properties of geometric figures. (Students
are expected to transition to this level during grades two and three.)

Level 3: Abstraction. Definitions are meaningful, with relationships being
perceived between properties and between figures. Logical implications and
class inclusions are understood, but the role and significance of deduction is not



understood. (Students should transition to this level during grades five and six
and fully attain it before taking algebra.)

Probability and Statistics Strand

K-2 Focus

Students in the primary grades have a natural curiosity about their world, which leads to questions
about how things fit together or connect. They display their natural need to organize things by sorting
and counting objects in a collection according to similarities and differences with respect to given
criteria.

The focus of probability instruction at this level is to help students begin to develop an understanding of
the concept of chance. In grade two, students experiment with spinners, two-colored counters, dice,
tiles, coins, and other manipulatives to explore the possible outcomes of situations and predict results.
They begin to describe the likelihood of which events are more or less likely to occur.

The focus of statistics instruction at this level is to help students develop methods of collecting,
organizing, describing, displaying, and interpreting data to answer questions they have posed about
themselves and their world.

3-5 Focus

Students entering grades three through five have begun to explore the concept of the measurement of
chance and are able to determine possible outcomes of given events. Students have utilized a variety of
random generator tools, including random number generators (number cubes), spinners, and two-sided
counters. In game situations, students have had initial experiences in predicting whether a game is fair or
not fair. Furthermore, students are able to identify events as likely or unlikely to happen. Thus the focus
of instruction in grades three through five is to deepen their understanding of the concepts of
probability by

offering opportunities to set up models simulating practical events;
engaging students in activities to enhance their understanding of fairness;
engaging students in activities that instill a spirit of investigation and
exploration and providing students with opportunities to use manipulatives.

The focus of statistics instruction is to assist students with further development and investigation of data
collection strategies. Students should continue to focus on:



posing questions;

collecting data and organizing this data into meaningful graphs, charts, and
diagrams based on issues relating to practical experiences;

interpreting the data presented by these graphs;

answering descriptive questions (“How many?” “How much?”) from the
data displays;

identifying and justifying comparisons (“Which is the most? Which is the
least?” “Which is the same? Which is different?”) about the information;

comparing their initial predictions to the actual results; and

communicating to others their interpretation of the data.

Through a study of probability and statistics, students develop a real appreciation of data analysis
methods as powerful means for decision making.

Patterns, Functions and Algebra

K-2 Focus

Stimulated by the exploration of their environment, children begin to develop concepts related to
patterns, functions, and algebra before beginning school. Recognition of patterns and comparisons are
important components of children’s mathematical development.

Students in kindergarten through grade two develop the foundation for understanding various types of
patterns and functional relationships through the following experiences:

sorting, comparing, and classifying objects in a collection according to a variety of attributes
and properties;

identifying, analyzing, and extending patterns;

creating repetitive patterns and communicating about these patterns in their own language;
analyzing simple patterns and making predictions about them;

recognizing the same pattern in different representations;

describing how both repeating and growing patterns are generated; and

repeating predictable sequences in rhymes and extending simple rhythmic patterns.

The focus of instruction at the primary level is to observe, recognize, create, extend, and describe a
variety of patterns. Students will experience and recognize visual, kinesthetic, and auditory patterns and



develop the language to describe them orally and in writing as a foundation to using symbols. They will
use patterns to explore mathematical and geometric relationships and to solve problems, and their
observations and discussions of how things change will eventually lead to the notion of functions and
ultimately to algebra.

3-5 Focus

Students entering grades three through five have had opportunities to identify patterns within the
context of the school curriculum and in their daily lives, and they can make predictions about them. They
have had opportunities to use informal language to describe the changes within a pattern and to
compare two patterns. Students have also begun to work with the concept of a variable by describing
mathematical relationships within a pattern.

The focus of instruction is to help students develop a solid use of patterning as a problem solving tool. At
this level, patterns are represented and modeled in a variety of ways, including numeric, geometric, and
algebraic formats. Students develop strategies for organizing information more easily to understand
various types of patterns and functional relationships. They interpret the structure of patterns by
exploring and describing patterns that involve change, and they begin to generalize these patterns. By
interpreting mathematical situations and models, students begin to represent these, using symbols and
variables to write “rules” for patterns, to describe relationships and algebraic properties, and to
represent unknown quantities.

Mathematical Process Goals for Students

The content of the mathematics standards is intended to support the following five process goals for
students: becoming mathematical problem solvers, communicating mathematically, reasoning
mathematically, making mathematical connections, and using mathematical representations to model
and interpret practical situations. Practical situations include real-world problems and problems that
model real-world situations.

Mathematical Problem Solving

Students will apply mathematical concepts and skills and the relationships among them to solve problem
situations of varying complexities. Students also will recognize and create problems from real-world data
and situations within and outside mathematics and then apply appropriate strategies to determine
acceptable solutions. To accomplish this goal, students will need to develop a repertoire of skills and



strategies for solving a variety of problems. A major goal of the mathematics program is to help students
apply mathematics concepts and skills to become mathematical problem solvers.

Mathematical Communication

Students will communicate thinking and reasoning using the language of mathematics, including
specialized vocabulary and symbolic notation, to express mathematical ideas with precision.
Representing, discussing, justifying, conjecturing, reading, writing, presenting, and listening to
mathematics will help students clarify their thinking and deepen their understanding of the mathematics
being studied. Mathematical communication becomes visible where learning involves participation in
mathematical discussions.

Mathematical Reasoning

Students will recognize reasoning and proof as fundamental aspects of mathematics. Students will learn
and apply inductive and deductive reasoning skills to make, test, and evaluate mathematical statements
and to justify steps in mathematical procedures. Students will use logical reasoning to analyze an
argument and to determine whether conclusions are valid. In addition, students will use number sense
to apply proportional and spatial reasoning and to reason from a variety of representations.

Mathematical Connections

Students will build upon prior knowledge to relate concepts and procedures from different topics within
mathematics and see mathematics as an integrated field of study. Through the practical application of
content and process skills, students will make connections among different areas of mathematics and
between mathematics and other disciplines, and to real-world contexts. Science and mathematics
teachers and curriculum writers are encouraged to develop mathematics and science curricula that
support, apply, and reinforce each other.

Mathematical Representations

Students will represent and describe mathematical ideas, generalizations, and relationships using a
variety of methods. Students will understand that representations of mathematical ideas are an essential
part of learning, doing, and communicating mathematics. Students should make connections among
different representations — physical, visual, symbolic, verbal, and contextual — and recognize that
representation is both a process and a product.

Instructional Technology

The use of appropriate technology and the interpretation of the results from applying technology tools
must be an integral part of teaching, learning, and assessment. However, facility in the use of technology
shall not be regarded as a substitute for a student’s understanding of quantitative and algebraic concepts
and relationships or for proficiency in basic computations. Students must learn to use a variety of



methods and tools to compute, including paper and pencil, mental arithmetic, estimation, and
calculators. In addition, graphing utilities, spreadsheets, calculators, dynamic applications, and other
technological tools are now standard for mathematical problem solving and application in science,
engineering, business and industry, government, and practical affairs.

Calculators and graphing utilities should be used by students for exploring and visualizing number
patterns and mathematical relationships, facilitating reasoning and problem solving, and verifying

“

solutions. However, according to the National Council of Teachers of Mathematics, “... the use of
calculators does not supplant the need for students to develop proficiency with efficient, accurate
methods of mental and pencil-and-paper calculation and in making reasonable estimations.” State and
local assessments may restrict the use of calculators in measuring specific student objectives that focus
on number sense and computation. On the grade three state assessment, all objectives are assessed
without the use of a calculator. On the state assessments for grades four through seven, objectives that

are assessed without the use of a calculator are indicated with an asterisk (*).

Computational Fluency

Mathematics instruction must develop students’ conceptual understanding, computational fluency, and
problem-solving skills. The development of related conceptual understanding and computational skills
should be balanced and intertwined, each supporting the other and reinforcing learning.

Computational fluency refers to having flexible, efficient and accurate methods for computing. Students
exhibit computational fluency when they demonstrate strategic thinking and flexibility in the
computational methods they choose, understand and can explain, and produce accurate answers
efficiently.

The computational methods used by a student should be based on the mathematical ideas that the
student understands, including the structure of the base-ten number system, number relationships,
meaning of operations, and properties. Computational fluency with whole numbers is a goal of
mathematics instruction in the elementary grades. Students should be fluent with the basic number
combinations for addition and subtraction to 20 by the end of grade two and those for multiplication and
division by the end of grade four. Students should be encouraged to use computational methods and
tools that are appropriate for the context and purpose.

Algebra Readiness

The successful mastery of Algebra | is widely considered to be the gatekeeper to success in the study of
upper-level mathematics. “Algebra readiness” describes the mastery of, and the ability to apply, the
Mathematics Standards of Learning, including the Mathematical Process Goals for Students, for
kindergarten through grade eight. The study of algebraic thinking begins in kindergarten and is
progressively formalized prior to the study of the algebraic content found in the Algebra | Standards of
Learning. Included in the progression of algebraic content is patterning, generalization of arithmetic
concepts, proportional reasoning, and representing mathematical relationships using tables, symbols,



and graphs. The K-8 Mathematics Standards of Learning form a progression of content knowledge and
develop the reasoning necessary to be well-prepared for mathematics courses beyond Algebra |,
including Geometry and Statistics.

Equity

“Addressing equity and access includes both ensuring that all students attain
mathematics proficiency and increasing the numbers of students from all racial, ethnic,
linguistic, gender, and socioeconomic groups who attain the highest levels of
mathematics achievement.”

— National Council of Teachers of Mathematics

Mathematics programs should have an expectation of equity by providing all students access to quality
mathematics instruction and offerings that are responsive to and respectful of students’ prior
experiences, talents, interests, and cultural perspectives. Successful mathematics programs challenge
students to maximize their academic potential and provide consistent monitoring, support, and
encouragement to ensure success for all. Individual students should be encouraged to choose
mathematical programs of study that challenge, enhance, and extend their mathematical knowledge and
future opportunities.

Student engagement is an essential component of equity in mathematics teaching and learning.
Mathematics instructional strategies that require students to think critically, to reason, to develop
problem-solving strategies, to communicate mathematically, and to use multiple representations
engages students both mentally and physically. Student engagement increases with mathematical tasks
that employ the use of relevant, applied contexts and provide an appropriate level of cognitive
challenge. All students, including students with disabilities, gifted learners, and English language
learners deserve high-quality mathematics instruction that addresses individual learning needs,
maximizing the opportunity to learn.









